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has not yet been well studied. In this paper, we propose and compare three strategies for

Keywords:

Evolutionary dynamic optimization
gray-box optimization problems
learning

observable parameters

benchmark problems

this task: rote learning, fitting data with a feedforward neural network and an ensemble
strategy. The main idea of these strategies is to learn the relation between the observable
parameters and the optimal solutions and then predict new optima once the environment
changes. We also propose a set of test cases representing different kinds of characteristics
of real-world problems. In the experiments, the proposed strategies are compared with
existing methods that do not use observable parameters, and the results validate our pro-

posed strategies.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

In the real world, there are many dynamic optimization problems (DOPs) with changing objectives and/or constraints
over time [15,29]. For example, the dispatch optimization of power systems is a kind of DOP because the power demands
are constantly changing [43,44]. Solving DOPs is challenging. The algorithms not only need to locate the optimal solution in
the current environment while taking future influences into account but also must quickly respond to problem changes and
track the movement of the optimal solutions. Evolutionary algorithms (EAs) and similar population-based stochastic search
methods are effective approaches to DOPs due to their robustness and adaptability [31]. Using such methods to solve DOPs
is called evolutionary dynamic optimization (EDO) [15,29].

To the best of our knowledge, most of the existing general purpose EDO studies have considered DOPs as black boxes
[23,29]. EDO algorithms typically work only according to the evolving solutions and their time-varying fitness (see Fig. 1).
Changes in the problems are usually only detected by re-evaluating certain solutions.
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Fig. 1. Application of EAs to black-box DOPs.
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Fig. 2. Application of EAs to DOPs with observable parameters.

However, for many real-world problems, the dynamic parameters that make the problem change could be observable.
These parameters include the external environmental factors and the internal system states. For the sake of convenience, all
of them are collectively called “parameters”. Please note that “parameters” are different from a problem’s “control/decision
variables” that are often called the “solution” of the problem. In this paper, we use “gray-box DOPs” to refer to DOPs with
observable parameters.

Some examples of gray-box DOPs are listed below. In dynamic vehicle routing problems, observable parameters include
customers’ changing locations and requests [24]. In dynamic optimal power flow, the changing factors (i.e., the power de-
mands at the bus nodes) can also be observed [37,44]. Finally, in dynamic job scheduling problems, the arrival of new tasks,
machine breakdowns and changes in economic and financial conditions are all observable. These parameters greatly affect
the optimal solutions. If such important data could be utilized to guide the search process properly in EAs, the optimization
performance could be enhanced. However, this has not been well studied in the EDO community.

In this paper, we propose to use EAs for gray-box DOPs with the framework in Fig. 2, where @ represents the observable
parameters. We also propose to use learning methods to leverage observable parameters in EAs. The key idea behind the
methods is to learn the relation model between the parameters and optimal solutions from past optimization data and
then use the learned model to predict new optimal solutions once the problems change. Specifically, we propose three
learning strategies: rote learning (RL), fitting with a feedforward neural network (FNN) and an ensemble strategy (Ens). Rote
learning predicts optimal solutions in terms of the similarities between parameters. With the FNN strategy, we train an
FNN to estimate the relational model between the parameters and the optimal solution(s), called the parameter-optimum
relation for short. It has been proven that multilayer feedforward networks are universal approximators of functions, [13].
The ensemble strategy incorporates the above two strategies.

In addition, we propose a set of numerical test problems in real-valued space to simulate gray-box DOPs, whose dynamic
parameters are all observable. The proposed problem set includes 42 instances, which are dynamic variants of static prob-
lems from the CEC? optimization competition [18,36]. The problem generation method is based on the DOP definitions given
by Nguyen [28], and the idea derives from [17,30]. With the proposed generation method, it is easy to construct gray-box
DOPs from static optimization problems that exhibit various parameter-optimum relations.

The remainder of the paper is organized as follows. Sections 2 and 3 provide the related backgrounds. The proposed
strategies are described in detail in Section 4. Section 5 illustrates the benchmark problems. The experimental settings and
results analysis are given in Section 6 and Section 7, respectively. Section 8 concludes the paper and presents plans for
future works.

2. General purpose test problems and generator

Some general purpose test problems have been designed in the EDO field. Some representative examples include the
moving peaks problem|[5,41], the XOR benchmark problem generator[40], the generalized dynamic benchmark generator
[17], and dynamic constraint optimization problems [6,27]. Moreover, Bosman designed a dynamic time-linkage problem,
where the decisions made by algorithms would influence the problem states in the future [4].

To fully describe the common characteristics of DOPs, such as various changing factors, we use Nguyen’s DOP definition
[28], where a DOP mainly consists of a full-description form and a matching dynamic driver. Readers are encouraged to refer
to the original definition in [28].

2 IEEE Congress on Evolutionary Computation.
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Definition 1 (Full-description form [28]). Given a parameterized function fo(x) with parameters # and a parameter vector
set ©@ = {0',6% ..., 0"}, the 2-tuple

(fox), ©) (1)

is a full description of a finite set of static optimization functions {f;(x), f2(X), ..., fu(X)}, such that

H®0 = A
- )
o fx0)

The functions fi(X) (i=1,2,...,n) are called instances of the full-description form at f = 6'. For convenience, we will refer
to (fy(x). ®) as f.

Definition 2 (Dynamic driver [28]). Given a tuple (f, [ t,XfE[”]), where t is a time variable and fis a full-description form

whose parameters are ' © at time ¢, Xf[“] are the past solutions obtained by the algorithm G during the time period

from 1 to t. We call the function D(@, X111, t) a dynamic driver of f if
0! = D(0[,Xf9“"”, t) €® 3)

t+1
0+

and is used as the parameter set of fat time t + 1.

A DOP in the real world can be simulated by combining a full-description form f with a suitable dynamic driver D. Driven
by D, the parameters 6 of f would change over time, yielding different f instances at different time steps. In the EDO
literature [29], the instance at a certain time is also called the “environment” or “state” of the DOP at that time. The goal
of an optimization algorithm is to choose a solution (decision) for the corresponding instance of f at every time step such
that the overall outcome is as good as possible during the optimization time period.

This dynamic driver definition classifies the influences that cause a DOP to change into two types, which are character-

ized by the current parameter vector @' and decision influence Xf[”]' Decision influence means that a solution created in

the past will affect the DOP’s state in the future. These types of problem are also termed “time-linkage” problems [4]. In

G

contrast, when a DOP is free from the influence of Xf , it is called a “non-time-linkage” DOP.

3. EAs for DOPs

The EAs for dynamic optimization can be mainly classified into diversity approaches, memory approaches, multipop-
ulation approaches, prediction approaches and hybrid approaches [19,21,29]. Diversity approaches maintain or introduce
population diversity by strategies such as niching [20]. Memory approaches take advantage of the information memorized
from past environments to improve the optimization in similar environments [9,45,46]. The idea behind the multipopula-
tion approaches is to divide the population into multiple subpopulations, and each one tracks optima in different promising
search areas or with its own strategies [3,6,16,22,32].

Heuristic search algorithms, such as EAs and Tabu Search, have been used to optimize parameters of machine learning
models [1]. In contrast, machine learning methods are also employed in heuristic search algorithms to create a meta-model
for accelerating search. Prediction approaches for DOPs employ machine learning methods to learn from past optimization
records and then provide information to speed up EAs.

Some prediction approaches predict the moving trajectory of the optimal solutions based on a sequence of best solutions
obtained in the past [12,26,34,35,42]. In [40], a learning method in a binary search space was proposed, and the main idea
was to learn the probability distribution of optima from the past best solutions and then generate new solutions based
on the distribution in the new environments. In addition, some learning and prediction approaches have been devoted to
time-deception problems [4,27]. The idea is to learn a time-dependent mathematical expression for the problems and then
predict the influence of a solution in the future. Some approaches predict when the next change will happen in order to
enhance the EAs’ adaptability to problem changes [35]. These learning and prediction methods are designed from black-box
problems without observable parameters and thus are all different from the proposed strategies in this paper.

Additionally, in [33], a learning scheme, named Abstract Memory, was proposed for continuous search spaces. Initially,
the search space is partitioned into rectangular cells. As the population evolves, it counts the number of appearances of the
best solutions in each cell, and then a probability distribution of the optimal solutions over the cells is approximated. Once
the environment changes, new individuals are sampled from that distribution and added into the population.

4. EAs learning from observable parameters

As seen in Definition 1, the specific state of a DOP is entirely determined by the value of its parameter vector 6. Therefore,
changes in a DOP are actually changes in 0. If the value of # is the same at two specific change steps, t; and t;, the system
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states are also the same, and consequently, the optimal solutions at ty and t; are the same. It can be concluded that at any
change step, the optimal solutions are determined by the value of 6. Therefore, there exists a relational model between the
parameters and the optimal solutions. If this relational model is available, whenever 6 changes, it is likely to predict the
new optimal solutions using the model, which avoids solving the problem again from scratch and enhances optimization
performance.

In practice, the parameter-optimum relational model is always unavailable. However, it could be learned from past opti-
mization records by machine learning methods. Even if the learned model is not exactly the same as the actual one, it can
still provide useful information that can benefit the optimization algorithms. Fortunately, EAs are very suitable for testing
this idea. We can add the predicted “optimal solutions” to the EA’s population. If the prediction is accurate, the problem is
solved instantly, and if the predicted solutions deviate from the actual optimum to some degree, they can still help guide the
population to search areas near the optimum. Finally, if the predicted solutions perform poorly, they would be eliminated
by the EA’s competition mechanism.

4.1. Preparing the database

To implement the idea above, a database should be prepared first. In our strategies, an entry in the database is a triple
(0%, xt, yt), consisting of the parameter vector, the optimal solution under #' and its fitness. The actual optimal solution
is usually not available. We can use the best solution obtained by the optimization algorithm instead. However, as the
population evolves, the best obtained solution under the same parameter vector would change over time. Therefore, the
database should be updated. The quality of the best solutions and the size of the database affect learning greatly. If we
can collect enough entries, and the best solutions are very close to the actual optima, good learning performance can be
expected.

The database updating strategy used in this paper is described in Algorithm 1. When a new entry arrives, if the size of
the database is less than a predefined value P, the candidate is simply added into the database. Otherwise, the entry with
the minimum parameter distance is selected. If the Euclidean distance is less than a predefined small threshold o, the two
entries are regarded as similar or from the same environment, and then the selected one is replaced by the new entry if its
fitness is worse than the fitness of the new entry.

Algorithm 1: Pseudocode of UpdateData((0, X, y), ds).

Input : the new entry (6, x,y), database ds;
Output : The updated database ds;
Select the entry (0", xk, y*) in ds to minimize the Euclidean distance
k
d=[6"-0l;
if size(ds) < P then
| Add the new entry into ds;
end
if d <o AND y is better than y* then
‘ Replace the selected entry with the new entry in ds;
end

N

w

© ® N U A

4.2. Rote learning and fitting with an FNN

Many machine learning methods have been developed. These methods have successfully discovered many complex pat-
terns in many fields. Rote learning (RL) is one of the earliest machine learning methods [10]. The idea behind rote learning
is to memorize solved problems and their solutions and then reuse the appropriate solutions later. Rote learning is simple
and can be used as a benchmark algorithm. An FNN can be used to fit the data. It has been shown that an FNN with one
hidden layer (and an arbitrary number of hidden units) can approximate any function [13]; therefore, it may be a good
choice to fit the parameter-optimum relational model.

When predicting optimal solutions with RL and an FNN, the input consists of the problem parameter vector #, and
the output is the predicted best solution x. The pseudocodes for the rote learning and the FNN strategies are listed in
Algorithm 2 and Algorithm 3 , respectively.

Algorithm 2: Pseudocode of RoteLearning(6).

1 Input : The parameter vector of the new environment 6;
2 Output : The predicted solution Xx;

3 Select the entry (0". x¥, y¥) in ds to minimize the Euclidean distance
d=116"-0|| in ds;

4 X < xk;
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Algorithm 3: Pseudocode of FNN(6).

Input : The parameter vector of the new environment 6;
Output : The predicted solution Xx;
net is a fully connected FNN, which receives a parameter vector as input and outputs a solution;
if Training condition is satisfied then
Train net on the current database {--- , (#',x,y'),---}; the inputs are the parameters @', and the targets are the corresponding solutions x';

end
if net is available then

| x < net(8);
else

| x < NULL;
end
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Fig. 3. Rote learning vs feedforward neural network.

Algorithm 2 approximates the parameters-optima relational model using the rote learning approach. It assumes that
similar environments have similar optimal solutions; thus, it returns the solution of the memorized environment that is
most similar to the new environment. The Euclidean distance between the observable parameters is used to measure the
environmental similarity.

Algorithm 3 uses an FNN net to approximate the relation between the parameters and the respective optimal solutions.
Once the parameter vector changes, the algorithm is called. New parameters are input, and the predicted optimal solution
is returned. This method has a cold start problem. If the size of the database is not large enough, net is not available. In this
case, the algorithm returns an empty solution NULL. The model does not need to be updated every call and can be trained
on the current database every few generations. Moreover, the model can be trained in parallel with the EA; therefore, it
may not affect the problem-solving process.

In essence, Algorithm 2 can also be regarded as a fitting method. The effects of rote learning and the FNN, as well
as their differences, are illustrated in Fig. 3, with only one observable parameter. The training data are the entries in the
database from past environments. The test data represent the corresponding entries in the new environments. Rote learning
has a problem of overfitting. Although it has no training error, one cannot expect it to generalize well on new test data.
In contrast, although it is possible for an FNN to generalize well, it has the risk of underfitting, in which case it would not
output correctly even on training data. It could be inferred that rote learning should perform better on recurrent problems,
while an FNN is likely to perform better in relatively stochastic scenarios.

The details of the proposed EA with learning strategies are given in Algorithm 4 . 7 is the population size. The strategies
are triggered once the an environment change is observed, which means 8" # [ Firstly, the database is updated with the
best solution in the population in terms of fitness at 6""'. Then, RoteLearning or FNN strategy predicts a solution, named
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Algorithm 4: The proposed EA with learning strategies.

1.Set n, Ny, Nry Nes A s

2 Initializing the population pop and the database ds ;
3I=0, A =Ap=At<«1;

4 while Stop criteria not satisfied do

5 ift#1AND 6" %6 then

6 xb is the best in pop at t — 1 with fitness yb ;
7 UpdateData((6'~", xb, yb). ds) ;

8 if the strategy is Rote Learning then

9 seed < RoteLearning(6'");

10 I < Immigrants(seed, n;, 1);

1 end

12 if the strategy is FNN then

13 seed < FNN(6'");

14 I < Immigrants(seed, 1y, A);

15 end

16 if the strategy is Ensemble then

17 seed_r < RoteLearning((;“);

18 seed_f < FNN(0');

19 I < Immigrants(seed_r, 1y, Ar);

20 I < I U Immigrants(seed_f, ny, Af);

21 end

22 Replace the worst individuals in pop with I and n — n; — 7y — 1, random immigrants;
23 Evaluate pop;

24 if the strategy is Ensemble then

25 if seed_r is better than seed_f AND n; > 1 then
26 np<np=1Ln <n+1;

27 Ar <= A Ap < %;

28 end

29 if seed_f is better than seed_r AND n, > 1 then
30 Np<np+lnr=n-1;

3 Ap e h Ay < B

32 end

33 end

34 else

35 Reproduction and selection operations of EA;
36 Evaluate pop;

37 t<—t+1;

38 end

39 end

seed, and generates an immigrant set I with the Immigrants procedure. Immigrants(seed, n, A) generates n immigrant as
follow:

Xq = seedy +rand(—1,1) * A,
d=1,---,D (4)

where A is called as immigrant radius, D is the solution dimension, and rand(—1, 1) uniformly returns a real number from
-1 to 1, If seed is NULL, Immigrants returns an empty set.

The worst individuals of the population in terms of fitness at @' are replaced by I and random immigrants. Random
immigrants are uniformly sampled from the whole search space in order to increase the population diversity. The number
of random immigrants is 7 —nr — 7y — e, Where 7. is the number of elites from the last environment that we want to
preserve.

4.3. The ensemble strategy

According to the “no free lunch” theorem, there is no single learning strategy that can always yield an accurate predic-
tion in any scenario. Therefore, combining two or more basic strategies to form an ensemble is a popular approach in the
machine learning community. EAs provide a very convenient framework to combine the proposed RL and FNN strategies,
which is the Ensemble Strategy described in Algorithm 4. In the ensemble strategy, two sets of immigrants are generated
based on the two seeds predicted by RoteLearning and the FNN, and then the two sets of immigrants are merged and added
into the population.

Using two learning strategies provides us with another advantage with which we can evaluate the performance of the
strategies and then adjust the algorithm behaviors properly. In our ensemble strategy, after a new population is evaluated,
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the performance of the two predicted solutions are compared. If seed_f is better than seed_r, increase 7y and decrease 7y,
and vice versa. In this way, more immigrants can be generated by the better strategy, while the misleading risk by the
worse strategy can be lowered. In addition, we suggest amplifying the immigrant radius of the worse strategy, since the
actual optimal solution is less likely to appear near the worse seed.

5. Benchmark problem set
5.1. Method to generate benchmark problems

According to the Nguyen’s DOP definition in Section 2, we can combine different full descriptions with dynamic drivers
to generate various DOPs. We need full descriptions to represent different parameter-optima relations and dynamic drivers
to represent various ways in which the parameters change.

5.1.1. Full-function form

According to Eqgs. 1, 2, the parameter vector #' determines an instance of a full description f;(x) and further determines
the optimal solutions. In real-world DOPs, there are two kinds of parameter-optima relations. For the first kind of parameter-
optima relation, there exists only one optimal solution for any instance fi(x) determined by . For the second kind of
relation, there could exist multiple equally optimal solutions for a single @'. Since it is generally more difficult for EAs to
obtain multiple optimal solutions simultaneously than to obtain one, it is more difficult to collect enough data to completely
reflect the actual parameter-optima relation of the second kind.

To simulate these two kinds of parameter-optima relations, we construct full descriptions as follows. The idea is derived
from [17,30].

Given an m-dimensional static optimization problem as in Eq. 5 that has only one optimal solution x§ and k constraints,
where L and U are the lower and upper search boundaries, respectively,

Minimize : f(x), xe[L,U]" (5)
subject to

gi(x)<0,i=1,....k (6)
We can transform this problem into a new problem Fy(x) with the following format:

Minimize : Fy(X) = f(r(x,0)), x e R™ (7)
subject to

rx,0) e [L, U™
gi(r(x,0))<0,i=1,...,k (8)

where x represents the solution of Fy, § € © represents the vector of observable parameters, and r: R™ x ® — R™, named
the relation function, is used to explicitly model the interaction of # and x. Then, we have a full description as shown below:

(R (x). ©). 9)
such that for any i c ®
00 Ey(0) = f(rx. 6)) (10)

It can be inferred that the optimal solutions of any instance Eyi (x) are those that make r(x, 0i) = X;. By changing the form
of r, we can flexibly simulate different kinds of parameter-optima relations from real-world problems.
To simulate the first kind of parameter-optima relation, a full description is constructed by using the following relation

function r; as an example in this paper, which can be decomposed by dimension. Letting 8 = {61,6,, --- ,0n} € ® =[-1,1]™,
where x}i denotes the ith element of x§, for each dimension i (i=1,---,m),
. (6;+0.1i
r(x,0); =x; — (L+(U—L)<51nw21)n+1>/2>+x}i (11)

Given any valid value of 6, there exists only one optimal solution x for Fy such that r1(x, ) = X§.
To simulate the second kind of parameter-optima relation, a full description can be constructed by using the following

relation function r, as an example, which can also be decomposed by dimension. Letting ® = [-1, 1]™, for each dimension
i(i=1,.--,m),
r2(x,0)i = ((2x —L-U)* - 6| (U - 1)*) + ;.. (12)

For each dimension, given any valid value of 6; (except 6; = 0), there are two values for x; such that r,(x, 0); = x’}i; therefore,
there could be as many as 2™ optimal solutions for Fy such that r,(x, 8) = x§.
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5.1.2. Dynamic drivers
We propose three dynamic drivers to simulate cyclic, random and time-linkage changing parameters as follows.
Cyclic: This type of dynamic driver can be modeled by a Fourier function fr as proposed in [39]:
0f = fr(a,A,b,B,t)
LY B|
=Y ajcos(2mAjt) + ) b;sin(2mBjt) (13)
j=1 j=1

where a, A, b and B are tunable numerical vectors. The vectors a and A are the same size, and the vectors b and B are the
same size. Using this function we can flexibly represent periodic functions with different degrees of complexity.
Random: This type of dynamic driver is simply represented as a uniform random variable ranging from « to 8.

0f ~U(w, B) (14)
Time-linkage: The time-linkage dynamic driver is modeled by a chaotic function as [25]:
0f = tI(y, t,x°")
Xo L L
=y U1

) (15)
where xic” is the ith element of a decision made by algorithm G at time step t — 1.
5.2. The benchmark problem set

Benchmark problem sets are generated based on 7 static optimization problems, named from f; to f;. f{ and f, are two-
dimensional constrained optimization problems, selected from the CEC'2006 constrained optimization competition [18]. The
last five, from f3 to f7, are from the CEC’2005 real-parameter optimization competition [36]. These five problems are scalable,
meaning that the dimension can be set to any number desired. Each of these problems has only one optimal solution. Please
refer to the Appendix section for more details.

By replacing x in each static problem with r{(x, #) and ry(x, #), we create two new problems: Fi}o(x) = fi(r;(x,0)) and

Fiza (x) = fi(rp(x,0)), 1 <i<7. It should be noted that the new problems generated from constrained problems are subjected
to the constraints in Eq. 8. For FIJ‘9 (x), given any valid value of 0, there is only one optimal solution, while for Fizo (x), there

are 2™ optimal solutions if each dimension of € is not zero.
The corresponding full descriptions of each newly created problems are as below, 1 <i<7 in total.

Fly: (Fh(x).0), (16)
and
Fy: (F3(x).0), (17)

where @ is the set of all possible values of 6. There are 7 x 2 = 14 full-description forms.

Cyclic, random and time-linkage dynamic drivers from Section 5 are used in the experiments. For Eq. 13, if i%2 =1, a=
[0,1],A=[0,0.05],b =B =[]; otherwise, a=A =[],b=[0, 1], B=[0,0.05]. For Eq. 14, « = 0 and $ = 1. For Eq. 15, y = 3.5.

Finally, we generated 42 concrete benchmark DOPs by combining the 12 full-description forms and 3 dynamic drivers.
The benchmark problems are denoted as f{d 4> Where 1<i<7 stands for the static function f;, dd e{c, ur, tl} is the dynamic
driver, and re {1, 2} is the relation function. For dd, ¢, ur and tl denote the cyclic, random and time-linkage dynamic drivers,
respectively. Twelve of the 42 DOPs are constrained that are based on f; and f;, while the remaining 30 are unconstrained
DOPs.

Let us take f31,c as an example. f3(x) = Z?zl xiz; if D=2, t =0, from Eq. 13, we have 0 =[1, 0]; therefore, the instance
of floatt=0is

2
fie®) =3 "rnx[1,0])7

i=1
6. Experimental settings
6.1. Algorithms and settings
In the experiments, for constrained DOPs, the investigated strategies were combined with the constrained version of the

SaDE algorithm [14] from the CEC'2006 constrained optimization competition. For unconstrained DOPs, the strategies were
combined with a mean-variance optimization algorithm (MVOA) from the CEC'2010 optimization competition [11].
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For Algorithm 1, P was set to 20 times the problem’s dimension. For Algorithm 3, we used MATLAB’s built-in function
netfit to create an FNN with the default tan-sigmoid activation function in the hidden layer and a linear activation function in
the output layer. The MATLAB train function was used for training. We use one hidden layer for all test cases, the number of
hidden neurons was 7, 17 and 32 for 2D (2-dimensional), 5D and 10D problems, respectively. The model, net, was unavailable
at the beginning until the size of ds reaches 10 for 2D problems, and 100 for 5D or 10D problems. The training condition
was rand <0.1, where rand was a uniform random variable in (0,1). For Algorithm 1, we set o = 0.02. In Algorithm 4, the
population size 1 = 50, e = 1y = nr = 10. A was set to one percent of the search range. The above parameter settings were
determined by simple preliminary tests.

To validate the proposed learning strategies, we compared them with two existing dynamic optimization approaches:
abstract memory (AM) proposed in [33] and the elite strategy with random immigrants (ES for short) in [38]. To fairly
compare the algorithms, for AM we used the algorithmic settings suggested in [33], which meant a population size of 50,
the side of a cell of 0.1 and the number of samples set at 20. For ES, the population size was set to 50, and 40 immigrants
were randomly generated in the search space to replace the worst individuals in the population once the parameter changes.

6.2. Test problems settings

All of the 42 benchmark DOPs in the previous section were employed in the experiments. The default changing frequency,
frq for short, of the problems is 1/1000, which meant the problems change every 1000 fitness evaluations.

To analyze the influence of the training data quality on the proposed strategies, we also tested the algorithm on con-
strained DOPs with frq at 1/500 and 1/2000.

The default dimension of the unconstrained DOPs was 5. However, in order to investigate the scalability of the proposed
strategies, we also tested them on some 10D DOPs.

To eliminate the effect of randomness, experimental results were averaged over 30 independent runs. For 2D and 10D
problems, each run included 200 environmental changes; for 5D problems, each run included 400 changes.

6.3. Performance measurements

For constrained DOPs based on f; and f,, we used the modified offline error (MOE) to measure the performance of the
algorithms, which is calculated as follows [27]:

E o
1emo(l
MOE = Zblfm”(), (18)
where E is the total number of environments during the optimization, and em(i) is the best feasible error obtained in the
ith environment. If the best solution is feasible, eno(i) is the fitness difference between the obtained best solution and the
real best fitness. Otherwise, emo(i) is the worst possible error that a feasible solution could have, which was set to 2.5 as in
[6,29].
For unconstrained DOPs, the generational logarithmic offline error (GLOE) was used to measure the performance as fol-
lows.

GLOE = L

Ql

G E
1
> g 2 log(@” (19)
i-1 = =1

where G is the number of generations, and egOG the error between the global optimal fitness and the fitness of the best
individual of generation i at environment j. Compared to the offline error, logarithmic offline error can reduce the influence
of few large offline errors.

In these experiments, to evaluate the predicted optimal solutions of RL, FNN and Ens, the seed modified offline error
(SMOE) was proposed as follows.

1y
SMOE = N i;:se(l) (20)

In the above equation, N is the number of predicted optimal solutions by a strategy in a single run, and se(i) is the error
between the fitness of the ith predicted optimal solution and the global optimal fitness.

7. Results and analysis
7.1. Experimental comparisons
MOE or GLOE of the algorithms on the test problems are given in Table 1 and Table 2. To the left of ‘£’ is the average

MOE or GLOE over 30 independent runs, while to the right is the variance. From the experimental results, it can be seen
that the proposed rote learning (RL) and ensemble strategies (Ens) achieve better MOE and GLOE than the ES and AM do in
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Table 1
MOE of the algorithms on the constrained DOPs, frqg=1/500,1/1000,1/2000.

frq=1/500 fllc f11.ur fll.rl lz.c lz,ur lz,tl

ES 2.95E-2 +1.7E-3 3.00E-2 +£1.7E-3 4.48E-2 +£2.1E-3 9.57E-2 +9.9E-4 9.57E-2 +6.9E-4 9.51E-2 +6.5E-4
RL 9.53E-3+1.1E-3 1.24E-2 + 8.4E-4 1.70E-2+1.7E-3 9.42E-2 +1.4E-3 9.52E-2 +8.5E-4 9.47E-2 +1.3E-3
FNN 1.40E-2 +3.7E-3 1.05E-2 +1.6E-3 1.81E-2 +£3.4E-3 9.55E-2 +7.7E-4 9.55E-2 +5.6E-4 9.52E-2 +7.3E-4
AM 3.01E-2 +£1.8E-3 2.36E-2 +2.1E-3 2.74E-2 +2.2E-3 9.54E-2 +7.3E-4 9.55E-2 +7.2E-4 9.51E-2 +7.4E-4
Ens 3.75E-3+5.6E-4  4.07E-3+9.3E-4 5.08E-3+6.2E-4  8.88E-2 +2.4E-3 9.39E-2 +8.7E-4  9.18E-2+1.3E-3
frg=1/500 f21c f21.ur f21.tl 22.c 22.ur 22,[1

ES 2.48E-1+8.4E-3 2.96E-1+1.1E-2 2.84E-1+1.1E-2 1.54+7.3E-2 1.09 +5.1E-2 1.08 +£3.4E-2

RL 1.36E-1+8.1E-3 1.91E-1+8.9E-3 1.65E-1+7.8E-3 1.07 £ 6.4E-2 8.60E-1 +4.6E-2 8.74E-1 £ 3.4E-2
FNN 1.77E-1+ 2.4E-2 2.06E-1+2.7E-2 1.81E-1+2.3E-2 1.50+1.1E-1 1.09 + 6.4E-2 1.07 +3.4E-2
AM 2.55E-1 £1.2E-2 2.55E-1+9.2E-3 2.46E-1+1.1E-2 1.45+8.2E-2 1.05+4.8E-2 1.03 £3.7E-2
Ens 8.84E-2 + 6.4E-3 1.27E-1 +1.4E-2 1.06E-1 +8.8E-3 7.69E-1 +4.0E-2 7.01E-1 + 3.0E-2 7.32E-1 +3.0E-2
frq=1/1000 fllc fll,ur fll,[l 12,5 lz,ur 12‘[1

ES 2.71E-3 +2.9E-4 1.83E-3+1.8E-4 5.30E-3 +5.0E-4 9.16E-2 +1.2E-3 9.27E-2 +1.6E-3 9.30E-2 +1.4E-3
RL 7.30E-4+1.2E-4 7.92E-4+1.1E-4 1.50E-3 +1.4E-4 8.30E-2 +1.4E-3 8.98E-2 +2.0E-3 8.79E-2 +2.0E-3
FNN 1.11E-3 +£3.4E-4 5.93E-4+2.2E-4 1.66E-3 +2.1E-4 9.07E-2 +1.7E-3 9.21E-2 +1.3E-3 9.28E-2 +1.3E-3
AM 2.64E-3 +£2.9E-4 1.45E-3 +1.2E-4 3.02E-3 +2.8E-4 9.04E-2 +1.5E-3 9.30E-2 +£1.7E-3 9.31E-2 £ 1.5E-3
Ens 3.66E-4 +1.2E-4  2.04E-4 +4.5E-5 4.38E-4 +9.1E-5 6.47E-2 + 2.2E-3 7.98E-2 + 2.2E-3 6.76E-2 + 2.9E-3
frq=1/1000 ler le,ur le.[l 22.c 22.ur 22.tl

ES 1.07E-1+4.1E-3 1.25E-1+5.0E-3 1.21E-1+5.2E-3 8.15E-1 +£2.7E-2 6.25E-1 £ 2.5E-2 6.51E-1+3.0E-2
RL 6.13E-2 +2.9E-3 8.72E-2 +3.3E-3 7.61E-2 +£3.7E-3 6.02E-1 £ 2.5E-2 5.11E-1+£2.7E-2 5.33E-1+£2.2E-2
FNN 7.60E-2 +8.1E-3 8.36E-2 + 1.0E-2 7.73E-2 +5.6E-3 8.08E-1+3.4E-2 6.14E-1 +3.0E-2 6.37E-1+2.3E-2
AM 1.20E-1+4.2E-3 1.15E-1+5.8E-3 1.14E-1+4.9E-3 7.44E-1+£2.1E-2 5.99E-1+2.1E-2 6.28E-1+2.1E-2
Ens 4.04E-2 + 2.5E-3 5.66E-2 + 6.9E-3 4.90E-2 +3.7E-3 4.72E-1+1.4E-2 4.12E-1 + 2.4E-2 4.42E-1 + 2.1E-2
frq=1/2000 fllc fll.ur fll.rl 12.c 12.ur 12,tl

ES 6.54E-5 +2.9E-5 7.60E-6 +2.0E-6 8.95E-5 +3.2E-5 5.89E-2 +2.1E-3 6.01E-2 +2.7E-3 5.68E-2 +1.9E-3
RL 1.05E-5+5.1E-6 2.82E-6 +8.9E-7 1.75E-5 +5.8E-6 3.35E-2 +2.3E-3 4.35E-2 +2.0E-3 3.45E-2 +2.3E-3
FNN 2.13E-5+1.5E-5 1.44E-6 +5.7E-7 2.23E-5+1.3E-5 5.83E-2 +1.9E-3 5.97E-2 +£2.9E-3 5.85E-2 +4.4E-3
AM 5.73E-5+1.9E-5 6.53E-6 + 1.6E-6 4.36E-5+9.5E-6 5.42E-2 +1.7E-3 5.96E-2 +3.1E-3 5.53E-2 +2.1E-3
Ens 5.78E-6 +4.6E-6  6.18E-7 +3.4E-7 4.71E-6 + 2.4E-6 1.18E-2 +1.9E-3 2.20E-2 +1.7E-3 1.47E-2 +2.7E-3
frq=1/2000 lec le,ur le,[l 22,5 22,ur fzz,[l

ES 1.79E-2 +7.3E-4 2.01E-2 +1.0E-3 2.08E-2 +1.2E-3 4.62E-1 £9.0E-3 3.08E-1+£1.7E-2 3.30E-1+1.1E-2
RL 1.19E-2 +4.4E-4 1.67E-2 +7.9E-4 1.59E-2 +6.7E-4 3.67E-1 £9.4E-3 2.56E-1+1.1E-2 2.85E-1+9.1E-3
FNN 1.44E-2 +1.2E-3 1.50E-2 + 8.8E-4 1.54E-2 +1.1E-3 4.58E-1+1.4E-2 2.98E-1+1.4E-2 3.30E-1+1.7E-2
AM 2.05E-2 +8.8E-4 1.90E-2+7.7E-4 2.16E-2 +1.2E-3 4.42E-1£9.7E-3 2.98E-1+1.3E-2 3.30E-1+1.3E-2
Ens 8.23E-3 + 5.4E-4 1.12E-2 +5.2E-4 1.10E-2 +8.6E-4  3.06E-1+7.6E-3 2.03E-1 +1.3E-2 2.39E-1+9.9E-3
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almost all test problems, and the FNN strategy achieves better MOE and GLOE than ES, AM and RL in all the test problems
with the rq relation and random dynamic driver.

Recently, the conventional null hypothesis significance testing (NHST) has been questioned, and new statistical analysis
approaches are recommended as alternatives [2,7,8]. Therefore, instead of NHST, we employed a Bayesian analysis approach,
named the Bayesian signed-rank test [2], to statistically compare the algorithms based on the results in Table 1 and Table 2.
rope, the parameter of the Bayesian analysis approach, is set to 0.001 for constrained problems and 0.01 for unconstrained
problems. The pairwise comparison results are given in Table 3 and Table 4. The first column of the two tables denotes the
set of benchmark DOPs. The result of each comparison is a triple of probabilities. Taking the first triple of Table 3, (0.99998,
2e-05, 0.0), for example, it means there is a 99.998% probability that the average performance of Ens on r1 problems is
better than that of ES, and there is a 0.002% chance that the difference between the two classifiers is negligible (that is,
smaller than rope = 0.001). From Tables 3, 4, it can be seen that almost on all benchmark problems, Ens outperforms other
algorithms with a high probability (~ 1), and the probability for any other algorithm to outperform Ens is 0 in all test cases.
These results validate the proposed strategies.

7.2. Influence of relation function

From Table 1 and Table 2, it can be seen that relation function impacts the algorithmic performance greatly. The errors
of algorithms on r;-relevant problems are much less than the errors on ry-relevant problems, meaning that r,-relevant
problems are much more difficult to optimize. For example, on fll,ur with frq = 1/2000, the error of ES is less than 103,

while on fﬁur with frq = 1/2000, the error of ES is near 0.06. This phenomenon has also been observed in other cases.
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Table 2
GLOE of the algorithms on the unconstrained DOPs, frq=1/1000, Dim=5.

probs f3]c f31.ur f31_t1 32.c 32.ur 32.t1

ES 2.65+6.0E-3 2.63+9.2E-3 2.67 +9.9E-3 6.66 + 1.6E-2 6.65+ 1.5E-2 6.60 + 1.6E-2
RL 9.97E-2+15E-3  2.41+1.1E-2 2,51+ 1.4E-2 2.49E-1+2.6E-3  6.34+1.2E-2 6.15+1.7E-2
FNN 6.24E-1+7.3E-3 7.09E-1 4 3.5E-2 9.69E-1+5.1E-2 6.66 + 1.5E-2 6.67 +1.7E-2 6.61+1.5E-2
AM 3.12E-1 +3.0E-2 2.55+1.0E-2 2.59 +9.4E-3 2.66 + 1.4E-2 6.62 4+ 1.5E-2 6.37 +1.6E-2
Ens 9.56E-2+1.4E-3  6.59E-1+5.0E-2  8.84E-1+4.8E-2  2.48E-1+2.6E-3  6.27 +1.3E-2 6.08 +1.6E-2
prObS fz}c fz},ur fé}.tl Z.c f.ur A%.tl

ES 2.73+1.1E-2 2.73+9.9E-3 2.75+1.3E-2 6.73 +£1.5E-2 6.73 £ 1.4E-2 6.68 +1.5E-2
RL 1.03E-1+1.4E-3 2.50+1.2E-2 2.60+1.2E-2 2.50E-1+2.6E-3 6.41+1.5E-2 6.24 +1.8E-2
FNN 6.46E-1+1.1E-2 7.73E-1 £ 4.7E-2 1.04 £5.2E-2 6.73+2.1E-2 6.75+1.9E-2 6.70 + 1.5E-2
AM 3.35E-1+4.9E-2 2.63+1.2E-2 2.68 +1.2E-2 2.79+1.8E-2 6.68 +1.6E-2 6.50+1.8E-2
Ens 1.01E-1+1.3E-3  6.86E-1+3.9E-2  9.75E-1+6.9E-2  2.49E-1+2.1E-3  6.33+1.8E-2 6.15 +1.9E-2
probs fsl,_- fsl.ur fsl_tl 52.c 52,ur Sz.tl

ES 3.36+1.2E-2 3.37+1.4E-2 3.39+1.0E-2 8.08 +£9.6E-3 8.16 £ 1.4E-2 8.16 £ 1.3E-2
RL 9.19E-1 +4.0E-2 3.11+1.3E-2 3.26 +1.3E-2 5.78 +8.8E-2 7.89+1.4E-2 8.01+1.5E-2
FNN 2.22+4.9E-2 2.48 +5.5E-2 2.49 +5.6E-2 8.08 +9.6E-3 8.18 £9.3E-3 8.18 +1.3E-2
AM 2.68 +5.8E-2 3.26+1.2E-2 3.34+1.2E-2 6.50+1.3E-1 8.12+1.1E-2 8.10 + 1.4E-2
Ens 6.72E-1+3.9E-2  2.15+4.5E-2 2.21 £6.7E-2 5.20 +7.0E-2 7.79 +1.9E-2 7.93 +1.6E-2
probs  fi. four faa bc ur Y

ES 6.60 & 2.0E-2 6.56 +2.1E-2 6.64 +2.1E-2 1.52E1 +3.2E-2 1.54E1 +3.2E-2 1.53E1 £+ 3.6E-2
RL 2.93E-1+1.1E-2 6.06 + 2.9E-2 6.32+2.5E-2 2.76 +1.8E-1 1.48E1 + 3.4E-2 1.42E1 +4.3E-2
FNN 2.82+1.2E-1 3.76 £ 1.6E-1 3.34+1.2E-1 1.52E1+2.9E-2 1.55E1 +2.6E-2 1.53E1+3.2E-2
AM 2.70 +1.6E-1 6.35+2.1E-2 6.50 & 2.6E-2 7.61+6.7E-2 1.54E1 +2.2E-2 1.45E1 +4.8E-2
Ens 2.90E-1+1.6E-2  3.31+1.5E-1 3.05 +8.3E-2 2.40 +2.1E-1 1.46E1+2.4E-2  1.39E1+5.0E-2
prObS f7lc f71.ur f71.tl 72.C 72 ur 72.tl

ES 3.15+8.4E-3 3.14+9.3E-3 3.17 £ 8.5E-3 7.07 £1.4E-2 7.13+1.2E-2 7.08 +£1.3E-2
RL 1.29 +3.8E-2 293 +1.3E-2 3.05+8.1E-3 1.78 £5.3E-2 6.82+1.5E-2 6.61+1.5E-2
FNN 2.08 +1.8E-2 2.19+1.8E-2 2.17 +£3.5E-2 7.07 +1.5E-2 7.14+1.3E-2 7.09 +1.5E-2
AM 2.30+6.1E-2 3.06 +8.2E-3 3.12+9.0E-3 3.10+2.1E-2 7.09+9.0E-3 6.84+1.5E-2
Ens 1.06 + 2.9E-2 2.02 +2.2E-2 1.97 + 3.6E-2 1.72 +5.1E-2 6.74 +1.4E-2 6.52 +1.6E-2

In terms of algorithm performance ranking, FNN is the algorithm most affected by the relation function. On all of the rq
problems, FNN achieves better errors than ES and AM do, and on the random rq-relevant problems, FNN outperforms the
RL strategy. However, on most of the r,-relevant problems, FNN is beaten by the AM strategy. Considering AM does not use
observable parameters, the loss of FNN means that using the observed parameters does not always work. In contrast, the RL
is relatively robust; it outperforms ES and AM on all of the problems despite the relation function.

The reason that this phenomenon occurs can be partly explained from the seed errors. Table 5 lists the SMOE of the
algorithms on the constrained DOPs. It can be seen that the SMOE of the FNN on r; relevant problems differs greatly from
5 relevant problems, while the difference of RL's SMOE is relatively slight. For example, in the right of Table 5, on ff,ur and
flz,ur’ the SMOE of FNN is 1.07E-02 and 9.58E-02, while for RL it is 7.64E-2 and 9.58E-2 respectively. These results show that
prediction accuracy of FNN degrades greatly on r, relevant problems.

The proposed Ens strategy outperforms all of the others on all test problems regardless of the type of relation function.
These results show that the ensemble strategy successfully combines the advantages of RL and FNN.

7.3. Influence of dynamic driver

In our experimental setting, with the cyclically dynamic driver, there are 20 states in a cycle. From Table 1 and Table 2,
it can be clearly seen that on cyclic problems, RL outperforms AM and FNN. These results are expected because with the
observable parameters, RL can accurately retrieve the past best solutions obtained for any parameter vector. AM does not
store the accurate positions of the best solutions but rather the cells where they locate, and thus it is difficult to recover
the past best solutions exactly. For FNN, as discussed in Section 4, it could have the problem of underfitting. Therefore, it
might also fail to recover the past solutions.

In uniformly random environments, it can be clearly seen that FNN achieves better errors than RL, AM and ES do on rq
relevant problems. However, similar phenomenon are not clearly seen on r, relevant problems, and the reason is given in
the subsection above. In contrast to recurrent environments, a parameter vector could never reappear exactly, which means
the test data could always be different from the training data. As stated in Section 4, RL has the problem of overfitting and
cannot generalize well; therefore, it is expected to be less effective in random environments than in recurrent environments.



Table 3

Comparing algorithms using Bayesian signed-ranks test with data from Table 1.
Problem set Ens-ES Ens-AM Ens-RL Ens-FNN FNN-RL
r1 problems 0.99998, 2e-05, 0.0) 0.99998, 2e-05, 0.0) 0.9993, 0.0007, 0.0) (0.99954, 0.00046, 0.0)  (0.00552, 0.25802, 0.73646)
r2 problems 1.0, 0.0, 0.0) 1.0, 0.0, 0.0) 1.0, 0.0, 0.0) (1.0, 0.0, 0.0) (0.0, 0.0, 1.0)

cyclic problems
random problems
time-linkage problems
frg=1/500
frqg=1/1000
frq=1/2000

(

(

(0.99998, 2e-05, 0.0)
(0.9999, 0.0001, 0.0)
(1.0, 0.0, 0.0)

(1.0, 0.0, 0.0)

(1.0, 0.0, 0.0)
(0.99908, 0.00092, 0.0)

0.99998, 2e-05, 0.0)
0.9998, 0.0002, 0.0)
1.0, 0.0, 0.0)

1.0, 0.0, 0.0)

1.0, 0.0, 0.0)

0.99908, 0.00092, 0.0)

(

(

(0.99992, 8e-05, 0.0)
(0.9996, 0.0004, 0.0)
(0.99998, 2e-05, 0.0)
(1.0, 0.0, 0.0)
(0.99952, 0.00048, 0.0)
(0.99892, 0.00108, 0.0)

(0.99986, 0.00014, 0.0)
(0.99982, 0.00018, 0.0)
(0.99996, 4e-05, 0.0)
(1.0, 0.0, 0.0)

(0.9994, 0.0006, 0.0)
(0.99906, 0.00094, 0.0)

(0.0, 0.0004, 0.9996)
(0.01274, 0.03058, 0.95668)
(0.0, 0.04906, 0.95094)
(6e-05, 0.00792, 0.99202)
(0.0016, 0.00804, 0.99036)
(0.00016, 0.02058, 0.97926)
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Table 4

Comparing algorithms using Bayesian signed-ranks test with data from Table 2.
Problem set Ens-ES Ens-AM Ens-RL Ens-FNN FNN-RL
r1 problems (0.95698, 0.04302, 0.0) 0.96456, 0.03544, 0.0) 0.6215, 0.3785, 0.0) 0.6389, 0.3611, 0.0) 0.0, 0.99708, 0.00292)
r2 problems (1.0, 0.0, 0.0) 0.99998, 2e-05, 0.0) 1.0, 0.0, 0.0) 1.0, 0.0, 0.0) 0.0, 0.00162, 0.99838)

cyclic problems
random problems
time-linkage problems

(0.9947, 0.0053, 0.0)
(0.98706, 0.01294, 0.0)
(0.99494, 0.00506, 0.0)

(
(
(
(
(

0.9963, 0.0037, 0.0)
0.98018, 0.01982, 0.0)
0.9967, 0.0033, 0.0)

0.91154, 0.08846, 0.0)

(
(
(0.95946, 0.04054, 0.0)
(
(0.97484, 0.02516, 0.0)

0.92802, 0.07198, 0.0)

(
(
(0.98064, 0.01936, 0.0)
(
(0.98062, 0.01938, 0.0)

0.0, 0.63346, 0.36654)

(

(

(0.0, 0.175, 0.825)

(

(0.0, 0.39208, 0.60792)

0zL
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Table 5
SEMO of the algorithms on the constrained DOPs, the left half with frq=1/500, the right half with frequency=1/2000.
probs fllc fll.ur fll_tl fllc fll.ur fll.rl
RL 2.22E-2 +1.55E-3 7.84E-2 + 2.54E-3 4.70E-2 +3.02E-3 1.36E-2 +1.28E-3 7.64E-2 4+ 2.02E-3 2.61E-2+1.19E-3
FNN 5.26E-2 +£1.57E-2 2.97E-2 +7.96E-3 3.78E-2+1.17E-2 3.86E-2 + 1.46E-2 1.07E-2 + 2.48E-3 1.60E-2 +7.16E-3
Ens 1.58E-2+1.75E-3  2.71E-2 +9.98E-3 1.93E-2+3.18E-3  1.26E-2+1.36E-3  1.46E-2+1.87E-3 1.10E-2 + 1.68E-3
PrObS lec le_ur le_zl lec le_ur le.ll
RL 9.11E-1 £ 5.59E-2 4.74 +2.28E-1 3.96 +2.57E-1 8.43E-1 +4.45E-2 6.88 +1.74E-1 6.31+2.27E-1
FNN 4.76 £1.05 4.38+1.09 3.95+1.25 5.58+1.32 4.13 £ 8.89E-1 4.53 +9.60E-1
Ens 7.79E-1+6.61E-2  3.05+8.17E-1 2.69 +6.93E-1 7.50E-1+3.87E-2  3.99 +7.91E-1 3.94 + 8.46E-1
probs 12.c %ur lz.tl %c %ur lz.tl
RL 9.43E-2 +1.37E-3 9.59E-2 + 1.70E-4 9.59E-2 +5.18E-4  3.99E-2 +2.20E-3 9.58E-2 +2.03E-4 9.50E-2 + 9.98E-4
FNN 9.50E-2 +£2.21E-3 9.58E-2 +£9.50E-17 9.58E-2 +£3.57E-5 9.55E-2 +£1.20E-3 9.58E-2 +1.41E-17 9.58E-2 +1.41E-17
Ens 8.94E-2+3.05E-3  9.58E-2+1.52E-4 9.58E-2+545E-4  2.02E-2+1.80E-3  9.58E-2+1.84E-4 9.32E-2 +1.14E-3
probs Zz.c %ur %tl ZZA.‘ %ur %tl
RL 1.77 £ 6.38E-2 5.73 +£2.39E-1 5.82 +2.64E-1 1.11 £ 1.55E-2 6.69 + 1.70E-1 6.90 + 1.74E-1
FNN 7.48 £ 6.54E-1 7.80 + 1.34E-1 7.77 £ 1.90E-1 7.58 £5.12E-1 7.79 +£1.35E-1 7.80 £ 1.56E-1
Ens 1.51+4.10E-2 5.63 +2.62E-1 5.67 +3.41E-1 1.06 + 1.45E-2 6.56 +1.97E-1 6.78 +£2.73E-1
Table 6

The average running time (in seconds) of the algorithms for 1000
fitness evaluations on fl . problem.

ES AM RL FNN Ens
2D 0.37 0.41 0.41 0.63 0.69
5D 0433 0447 044 0.907  0.93
10D 0.467 0583 0459 0.971 0.99
10D pretrained  0.467 0.589 0464 0.702 0.72

This explanation is confirmed by the SMOEs in Table 5. For example, with frq = 1/500, the SMOE of RL on f1],c is 2.22E-2,

while on f]

ur’

it is 7.84E-2.

The time-linkage problems of this paper are not time-deceptive; therefore, no special treatment is required. From the
experimental results, it can be seen that the RL algorithm is better than ES, AM and FNN, which indicates its robustness.

The results show that the ensemble strategy is the best among all the algorithms. It is interesting that in some cases
such as f11,ur with frq =1,2000, FNN achieves a better SMOE than does Ens, but its MOE is worse than that of Ens. These
cases indicates that Ens is robust.

7.4. Influence of database quality

Database quality has a great effect on the performance of machine learning algorithms. The quality of the database in-

cludes the quality of each data entry and the number of entries. In our experiments, we use three change frequencies: 1/500,
1/1000, and 1/2000. With a lower changing frequency, algorithms have more time to locate the optima in each environment,
and thus the obtained best solutions are closer to the real optima and can more truly reflect the real-parameter-optima re-
lations. Moreover, the difficulty of the problems also affects the entry quality. In our experiments, r, relevant problems
are more difficult than rq relevant problems. The dynamic driver determines the number of effective entries. In the cyclic
environments of our experiments, the number of parameter vectors is 20, while in random environments, the number of
parameter vectors is usually equal to the number of environmental changes.

From the SMOE tables, the influence of the database quality can be clearly observed. The SMOE of the algorithms with
frqg=1/2000 is generally smaller than those with frq = 1/500. Compared with RL, the impact of database quality on FNN
is more significant. For example, on fl1.ur’ the SMOE values of RL are 7.84E-2 and 7.64E-2 for frq = 1/500 and frq = 1/2000,
respectively, while the SMOEs of FNN are 2.97E-2 and 1.07E-2, respectively, and substantially differ.

The database quality even changes the algorithm performance ranking on some test problems. For example, on le_ur and

f21 . FNN is slightly worse than RL with frq =1/500, while with frq = 1/2000, FNN is better than RL.

7.5. The scalability of the proposed strategies

To analyze the scalability of the algorithms, the running time of the algorithms on the fg‘ur problem is recorded and
given in Table 6. In addition, the algorithms are tested on 10D DOPs, and the results are given in Table 7.
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Table 7

GLOE of the algorithms on the unconstrained DOPs, frq = 1/1000,

Dim=10.
probs f31c f31.ur f31,tl
ES 3.43 £9.8E-3(+) 3.47 £1.1E-2(+) 3.51+9.8E-3
RL 2.59E-1+2.8E-3 3.41+1.5E-2 3.46 +1.1E-2
FNN 6.42E-1 +3.4E-3 4.88E-1+1.1E-2 4.40E-1+1.2E-2
AM 3.09+9.1E-2 3.47 +1.4E-2 3.50+1.0E-2
Ens 4.61E-2 +7.3E-4 4.84E-1 +1.5E-2 4.35E-1+1.2E-2
probs f‘}c fA}.ur fA}.tl
ES 3.59+1.1E-2 3.65+1.5E-2 3.64 +1.4E-2
RL 2.71E-1+£2.9E-3 3.60 +1.5E-2 3.60 +9.9E-3
FNN 9.89E-1+1.3E-2 8.83E-1+2.8E-2 8.24E-1+1.8E-2
AM 3.25+8.3E-2 3.66 +1.2E-2 3.63+9.2E-3
Ens 6.81E-2+2.6E-3  8.62E-1+1.9E-2  7.91E-1+ 2.6E-2
probs fS]c f;,ur fSI.tl
ES 4.30+6.6E-3 436 +1.2E-2 4.35+9.0E-3
RL 3.23+5.7E-2 4.30+1.2E-2 4.32+1.1E-2
FNN 1.23+1.3E-2 1.13 £2.5E-2 1.08 £5.1E-2
AM 4.29 +£1.3E-2 4.37 £1.4E-2 4.34+1.0E-2
Ens 8.67E-1+3.8E-2  1.08 +2.5E-2 1.06 +4.8E-2
pl’ObS féc ff;ur fﬁl‘tl
ES 8.59 + 1.6E-2 8.61+2.0E-2 8.65 + 2.4E-2
RL 2.18 £9.9E-2 8.50 +2.3E-2 8.58 +£1.9E-2
FNN 3.18£9.2E-3 2.96 +2.5E-2 2.89+2.8E-2
AM 8.18 +1.0E-1 8.63 +2.2E-2 8.64 +1.9E-2
Ens 9.39E-1+6.3E-2  2.81+2.0E-2 2.75 + 2.8E-2
probs  fl. B Fur
ES 3.96 + 6.4E-3 3.99+1.1E-2 4.00 +7.8E-3
RL 2.39+3.3E-2 3.93 +9.4E-3 3.96 +9.2E-3
FNN 1.92 +£4.3E-3 1.89 +£7.2E-3 1.89 +1.6E-2
AM 3.87 £3.0E-2 3.99 +8.4E-3 4.00+9.1E-3
Ens 1.50 +4.8E-2 1.86 + 6.3E-3 1.86 +1.3E-2

Scalability is a key issue of the proposed strategies. Many real-world problems have a large parameter vector or search
space. In these cases, it would be difficult and time-consuming to train an FNN to fit the relation between parameter vectors
and “good solutions”. Therefore, it could be unfeasible or unaffordable to use the proposed strategies.

One solution of this issue is using a pretrained FNN instead of training online. With enough data, many modern machine
learning algorithms can train models that well fit very complex functions with high dimensions. To simulate this situation,
a pretrained scheme is tested. With this scheme, all the strategies are provided with 200 data entries at the beginning. Each
entry is composed of a uniformly sampled parameter vector and a corresponding solution obtained by the MVOA. For AM,
RL and Ens, the memory sets are initialized with the provided data entries. For FNN and Ens, net is trained in advance, and
never updated during optimization.

From Table 6, it can been seen that RL is likely a scalable strategy because its running time increases little with the
dimension. FNN and Ens need more time than the others, and with the dimension increases, their running time increases the
most. These results indicate that the scalability of FNN and Ens may not be very competitive. However, with the pretrained
scheme, the running time of FNN and Ens on 10D problems can be reduced to the amount close to that on 2D problems.

In Table 7, with the pretrained scheme, the ranking of the algorithms on 10D DOPs is similar to that on 2D and 5D
problems. Furthermore, in some cases, the superiorities of FNN and Ens are even expanded. These results indicate that with
the pretrained scheme, FNN and Ens could also be scalable.

8. Conclusion and future works

To the best of our knowledge, this is the first paper devoted to general purpose DOPs with observable parameters in
EDO. We suggested enhancing the optimization performance by learning from the observable parameters. We also proposed
three learning strategies: rote learning, fitting with a feedforward neural network and an ensemble strategy. Moreover, we
proposed a set of test problems. In the experiments, we compared the proposed strategies with two existing representative
algorithms, and the results demonstrated the effectiveness of the proposed strategies.

We compared the strategies for different relation functions, dynamic drivers and database quality. It can be concluded
that the performance of the rote learning strategy is comparatively stable. Compared with the ES and AM algorithms, rote
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learning achieved clear improvements in all test cases. Compared with rote learning, the performance of the FNN is de-
pendent on the database quality and problem properties. However, for random problems with one optimal solution for one
parameter vector, the FNN shows the potential to outperform rote learning. The proposed ensemble method performs best
on all of the test problems, and it can be concluded that it has successfully combined the advantages of rote learning and
an FNN. These results demonstrate that an evolutionary algorithm enhanced by learning from observable parameters is a
promising approach to solving gray-box DOPs.

Although we have shown that the proposed strategies are effective for gray-box DOPs, there are still some issues that
require further study:

There are many real-world dynamic optimization problems with observable parameters. The application of the proposed
strategies to these problems is an important research direction in the future.

Many successful machine learning methods have been developed. Leveraging the advantage of more efficient machine
learning methods in evolutionary algorithms for gray-box DOPs is a valuable research direction.

The method used to select individuals for the training set greatly affects the performance of the learning strategies, and
this is an important issue that is not addressed in depth in this paper.

If only part of the parameters can be observed, it is a challenging task to learn valuable information from them.
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The details of the test problems are given below, which are from the CEC'2005 and CEC'2006 optimization competitions
[18,36]. Both f; and f, are constrained optimization problems, and the others are not. D represents the dimensions. For
problems from f3 to fy, X € [-100, 100]P, and the global optimum is located at the origin point x* = 0, and f(x*) = 0.

f1: g08 Function

sin? (27 x;) sin(27x,)
X3 (X1 +X2)

i) =-

subject to

g (X)=x{-x+1<0
LX) =1-x1+(x-4)?=<0

0<x1,x <10

The optimum is located at x* = (1.22797, 4.24537) where g08(x*) = —0.095825. The ratio of the feasible area is 0.8560%.
f>: 824 Function

fr(X) = —x1 —x;
subject to:

g1(X) = —2x} +8x3 —8x +x-2<0
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82(X) = —4x} +32x3 —88x% +96x; +x, —36<0

0<x1<3, 0<x,<4

The optimum is located at x* = (2.32952, 3.178493) where g24(x*) = —5.508. The ratio of the feasible area is 79.6556%.
f3: Sphere Function

D
) =) x

i=1
f4: Schwefel’s Problem 1.2

D i
fax) =" x))?

i=1 j=i

fs: Schwefel’s Problem 1.2 with Noise in Fitness

D i
F50) =3O %)%+ (1+ 04N, 1))

i=1 =i
fe: Rosenbrock’s Function
D-1

fox) =) (1000 — x121)* + (xi = 1)?)

i=1
f7: Rastrigin’s Function

D
fr(x) =) (x? = 10cos(2mx;) + 10)

i=1
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